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Warm Dense Matter Theory - OutlineWarm Dense Matter Theory - Outline

• A little philosophy: in applications - plasma ‘heat engines’ - we seek to control
energy transfer. In basic science - e.g. astrophysics, possible strange
‘continuations’ of condensed matter phenomena - we seek to understand it.

• Dimensionless parameters (degeneracy, plasma coupling, transport,
configuration complexity, etc.) characterize Warm Dense Matter as the boundary
between Condensed Matter and High Energy Density Plasma Physics.  In
Condensed Matter the really interesting phenomena & theoretical challenges deal
with how atoms interact subtly in space.  In HED physics, it is often a good
approximation to assume individual ions only know about the surrounding
plasma sea.  But heat turns on lots of ion configurations!

• ‘INFERNO’ & PURGATORIO  single ion in jellium - Detailed EOS and transport
models for High Energy Density / WDM Physics - Applications.  Limitations.

• PARADISO: multi-center ions in plasma supercell → WDM/condensed matter

• Other approaches - ACTEX, Thermal Field Theory
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High Energy Density Physics is the Study and ApplicationHigh Energy Density Physics is the Study and Application
of Matter and Energy with Pressure > 1 of Matter and Energy with Pressure > 1 Megabar Megabar ~ 1~ 1
eV/particle eV/particle at Solid Density. WDM is condensed boundary.at Solid Density. WDM is condensed boundary.

• P≥ 1Mb phenomena:
strong ionization,
collisionality,
importance of radiative
energy transfer.

• unless stabilized by
gravity - fast transient
hydrodynamic
instabilities - shocks,
interface instabilities

• Pair= 106 ergs/cc = 1 bar
= 105 Pascal (Pa)

•Inertial fusion ignition hot spot: r  = 60 gm / cc.   P = 2  (1.4 10 31 / m3 )*10
keV *(1.6 e-19 J / eV ) = 4.5 1016 Pa ≈ (1/2) Terabar ! (Not Warm Dense Matter!)
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The Hydrogen Equation of State Illuminates some (butThe Hydrogen Equation of State Illuminates some (but
not all!) of the Regimes of High Energy Density Physicsnot all!) of the Regimes of High Energy Density Physics
and its Warm Dense Matter and its Warm Dense Matter ‘‘Edge.Edge.’’

• Degeneracy
parameter is
h2/2meβne 

2/3

• Γ ~ (neλD
 3)-2/3

•  Generally
speaking, as T
goes up,
subtle spatial
correlations
and exchange
become less
important.

• But, for Z>>1
lots of excited
states!
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Is Is ‘‘Warm Dense MatterWarm Dense Matter’’ a Distinct Phase or Merely an a Distinct Phase or Merely an
Adiabatic Interpolation Between Condensed MatterAdiabatic Interpolation Between Condensed Matter
and Plasma Physics?    Unknown!and Plasma Physics?    Unknown!

• Quantum correlation, competing states & phases distinguished by
thermal or quantum singularities prevent adiabatic continuation in
condensed matter (superfluids, magnetic phases, spin glass, localization,
quantum-Hall, etc.) - usually the province of low temperature physics.

• Warm Dense Matter may have very interesting transport regimes
(transport singularities can occur even without thermal phase transitions).
Also, note interesting ideas about minimum shear viscosity/entropy
density ~ h/8π2kB ~ 6.08 10-13 K-sec.
(Kovtun et. al. - PRL 94, 111601, 2005).

• Electron thermal versus radiation transport.

• Growth of configuration complexity as T increases.
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Warm Dense Matter  - Additional Characteristics (2)Warm Dense Matter  - Additional Characteristics (2)

• For T > 20 eV & ρ ~ 1 gm/cc radiative flux dominates (Rosseland mfp
relevant transport quantity - Marshak waves) - true HED regime.
•  T4  term in energy density not relevant here.

• Warm Dense Matter -  electron thermal conduction begins to rival
radiation.

• Configuration Complexity is another distinction between warm dense
matter and HED matter.

• Consider variation of exp (-E(Q*2 Ryd)/kT). Energy shift adding/subtracting q electrons is:

• Combinatorial explosion for isoelectronic sequence as Z increases.
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Inertially Inertially Confined Fusion is a Primary Example of  a High EnergyConfined Fusion is a Primary Example of  a High Energy
Density Density ‘‘Plasma Engine.Plasma Engine.’’  What rules control its efficiency?  How do  What rules control its efficiency?  How do
the the ‘‘degrees of freedomdegrees of freedom’’ play? WDM relevant to  play? WDM relevant to ‘‘pathpath’’ to assembly. to assembly.

• For ignition, need HED hot-
spot with Tion ~ 10 keV, rRHS
~ 0.3 g/cm2 r HS ~ 80 gm/cc.

• For confinement need  rRtot
> 1 g/cm2 — otherwise hot-
spot disassembles before
igniting. (burn fraction) =
rR/[rR+6] assumes burning
sphere,  don’t get there if
rRtot  < 1 g/cm2 )

• Ignition begins at ~isobaric
stagnation. RDT-Be~30 microns
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Indirect Drive Applies Accurately TImed Laser HeatingIndirect Drive Applies Accurately TImed Laser Heating
Pulses to Pulses to Hohlraum Hohlraum to Make Controlled Quasi-to Make Controlled Quasi-PlanckianPlanckian
Soft X-Ray Drive - What Laws Apply to this Soft X-Ray Drive - What Laws Apply to this ‘‘Engine?Engine?’’

Density
(g/cm3)

100

Hot-spot
0.3 
gm/cm2

Main
Fuel
1.5 
gm/cm2

Ablator
0.1 
gm/cm2

1D capsule stagnation density picture

Hot-spot perimeter
Stagnation shock
DT/Be interface

etc.

1000

2D or 3D picture

• Goal is keep main DT fuel near adiabat,
heating only 2% of DT to center ‘hot spot’ 10
keV → need only ~ 1.25x105 J coupled of 2
106 J drive. Is this the most efficient way?

• Control of hohlraum coupling, shock timing,
hydrodynamic instabilities could benefit from
comprehensive ‘thermal analysis.’  WDM
relevant to DT/Be dynamics.
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+B.Wilson, V.Sonnad, P.Sterne, and W.Isaacs, JQSRT 99, 658 (2006).

Purgatorio
strict convergence criteria (stable at low T)

accurate continuum wave functions
careful tracking of continuum resonances via δ(Ε)

Inferno
! Abandon all hope, ye who enter here

Quasi R-matrix continuum / no tracking
switches to TFD at high T, crashes at low T

Inferno P v ρ Purgatorio P v ρ

TheThe Purgatorio  Purgatorio codecode++ is an Improved Implementation is an Improved Implementation
of the Inferno* Modelof the Inferno* Model

*D. A. Liberman, Phys. Rev. B 20, 4981 (1979)
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• A critical aspect is the accurate calculation of ρ(r) arising from the continuum
•  Solution subject to the constraint of ion-sphere neutrality
• PURGATORIO applies the phase-amplitude method to treat the continuum
• PURGATORIO resonance capturing via greatly improved automated quadrature method
• Entropy is important
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INFERNO/PURGATORIO Results for Ionic ChargeINFERNO/PURGATORIO Results for Ionic Charge
Densities Compared with Thomas FermiDensities Compared with Thomas Fermi
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Thomas-Fermi models have known deficiencies:
   - no detailed shell structure
   - incorrect treatment of pressure ionization
   - the distortion of continuum charge about ion centers is approximate
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Resolving continuum resonance structure is critical to the
success of the PURGATORIO Improvements to the Inferno
Algorithm

Pressure ionization moves bound states into the
continuum, forming resonances which introduce
large deviations from the ideal density of states:

Finding a converged solution depends on
systematic capture of the resonances.
This was by no means guaranteed in the
original Inferno code.
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ExampleExample Illustating Illustating the Importance of Resonance Capture the Importance of Resonance Capture

• Code must capture “normalization resonances,” which have nearly entire bound-state-
like behavior with exponentially decaying tails that must be matched onto unit
amplitude ideal continuum wave at R0.

• Resonances are problematic if not they are not systematically caught, since they affect
scattering cross sections and can also kick the chemical potential into unending SCF
loops.
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Quantum mechanical treatment of pressure ionization inQuantum mechanical treatment of pressure ionization in
PURGATORIO.  In the WDM regime with Weak Ionization, TherePURGATORIO.  In the WDM regime with Weak Ionization, There
are also hints of the need to go Beyond PURGATORIOare also hints of the need to go Beyond PURGATORIO

Purgatorio follows bound states as they are pressure ionized and
reappear as resonances in the continuum.
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Comparison ofComparison of Purgatorio  Purgatorio EOS results with QEOS and ACTEX -EOS results with QEOS and ACTEX -
Note interesting case of AlNote interesting case of Al22OO33
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The ApplicationThe Application Ziman Ziman’’s Resistivity s Resistivity Formula usesFormula uses
PURGATORIO Electronic Information and Added IonicPURGATORIO Electronic Information and Added Ionic
information.*  Kubo information.*  Kubo σσ((ωω) can also be computed.) can also be computed.++
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Purgatorio Purgatorio Electrical Conductivities are Fairly Consistent withElectrical Conductivities are Fairly Consistent with
DesjarlaisDesjarlais’’s s ‘‘Modified Lee-MoreModified Lee-More’’ - Low Temperature (T< .5  - Low Temperature (T< .5 eVeV))
Values Correspond to Values Correspond to kkffl l << 1<< 1

• Purgatorio analysis of
Cu at ~ .1 gr/cc and T ~ .5
eV, is non-degenerate.

• Ziman conductivity
integral has kf ~ 2 106 cm-1.

• Ioffe- Regel criterion
kflmfp < 1 for metal-
insulator transition
appears to come into play.
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Simulations: B. Hammel

• This sensitivity to uncertainty in thermal conductivity motivated a comparison with the
Purgatorio conductivity model.
• Unlike shock timing - conduction uncertainties cannot be controlled
phenomenologically.

Warm Dense Matter Thermal Conductivities of DT and Be AffectWarm Dense Matter Thermal Conductivities of DT and Be Affect
the Density  Profile and Instability Evolution near the DT:Bethe Density  Profile and Instability Evolution near the DT:Be
Interface in NIF Target SimulationsInterface in NIF Target Simulations
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• Large Purgatorio Disagreement with Lee-More is due both to cross
sections and effective ionization balance (as with electrical
conductivity).

• Temperatures of interest for NIF DT:Be interface simulations are ~ 3-
10eV at ~ 2-5 gr/cc

Purgatorio-based Electron-Thermal Conductivities DifferPurgatorio-based Electron-Thermal Conductivities Differ
Significantly from Lee-More values in WDM regime.Significantly from Lee-More values in WDM regime.
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Simulations: B. Hammel

DT:Be interface near peak
implosion velocity (14.8 ns)

(cm)

(10 mm)

Comparison of DT:Be Interface Mixing: Applying Comparison of DT:Be Interface Mixing: Applying PurgatorioPurgatorio
and Lee-More Values Thermal Conductivities.and Lee-More Values Thermal Conductivities.

• Preliminary analysis of the effects of H and  Be conductivity increase/decrease
compensate in this case - but cannot guarantee by experimental tuning.
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The Path from a Single Average Ion Immersed inThe Path from a Single Average Ion Immersed in
Electron Electron Jellium Jellium to a Multi-Center Ensemble of Ionsto a Multi-Center Ensemble of Ions
Brings us to Brings us to ‘‘PARADISO.PARADISO.’’
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Spatial Correlation Between Different Ion Centers Matter In WarmSpatial Correlation Between Different Ion Centers Matter In Warm
Dense Systems - How to Incorporate Multiple Centers?Dense Systems - How to Incorporate Multiple Centers?
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• Multiple Ion Scattering has a
Strong Effect in WDM systems.
• D. Johnson’s KKR ‘MECCA’
code compared to PURGATORIO
• We are synthesizing his KKR
code with the PURGATORIO
algorithms/approach.*

*LLNL V
Theory -
Wilson et. al.
& D. Johnson -
UIUC
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•  In contrast to solid state we must 
compute electronic DOS over generated
ensembles of spatially amorphous 
(non periodic) space-filling atomic spheres
which represent the plasma 

  We need many and(or)
  large clusters(super-cells): 
• with many accessible angular momentum

channels
• All-Electron Treatment (no artificial

separation Between core and valence)

Matrix inversions along complex energy
contour are independent
 ⇒massive parallel computation

  Model Warm Dense Plasma as an Amorphous, Finite TemperatureModel Warm Dense Plasma as an Amorphous, Finite Temperature
Metal using the Kohn-Metal using the Kohn-KorringaKorringa--Rostocker Rostocker Multiple ScatteringMultiple Scattering
GreenGreen’’s Function Method with O(N) methods and Improved Entropy.s Function Method with O(N) methods and Improved Entropy.
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The The Kohn-Korringa-Rostocker Kohn-Korringa-Rostocker GreenGreen’’s Function Method*s Function Method*

*[1] J. Korringa, Physica 13,
392(1947) .[2] W. Kohn and N.
Rostoker, Phys. Rev. 94, 1111 (1954).
[3] Johnson et al., PRL (1986); PRB
(1990)
[4] Johnson and Pinski, PRB (1993).
[5] Ghosh et al. PRB (2005), Biava et
al. PRB (2006)
[6] Yang et al., PRL 75, 2867 (1995)
[7] Moghadam et. al., J. Physics: Cond.
Matter. 13, 3073, (2001), other ORNL refs.
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The Main Challenge of Finite Temperature is an Efficient Way toThe Main Challenge of Finite Temperature is an Efficient Way to
Compute the Entropy from the KKR Foam GreenCompute the Entropy from the KKR Foam Green’’s Functions vias Functions via
f(E) ~ Im f(E) ~ Im ∫∫G.  Pole Structure Reflects Physics!G.  Pole Structure Reflects Physics!

• Determine F(T) = E(T) – TS(T)

•  Need Electronic Entropy:

S(T) = f(E) lnf(E) – (1 – f(E)) ln(1 – f(E)),

has a singularity at ωn=(2n+1)πkBT with  infinite branch-cut.
So the farthest off for S(T) calculation is πkBT/2.

•  Also, can show that  E(T=0) ~ E(T) – TS(T)/2.

•  But does this speed up calculations and increase accuracy of the real-space
O(N) method?

No!   Need entropy within first Matsubara pole (small Im , ill convergence).
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Into the Complex Plane with Gun and Camera!Into the Complex Plane with Gun and Camera!
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Voronoi Polyhedra Voronoi Polyhedra for Alfor Al22OO33 (corundum) Illustrate (corundum) Illustrate
Typical Typical ‘‘ParadisoParadiso’’ Wigner Wigner-Seitz Cells -Seitz Cells →→ KKR MT KKR MT (1) (1)

• Al2O3 is a good test case - low Z, experiments, complex cell even for crystalline case.
• Corundum structure (left), Al (red), O (white)).  Voronoi (WS cell) (right) surrounding
central oxygen.  Vertices blue, neighboring atoms red.
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Voronoi Polyhedra Voronoi Polyhedra for Alfor Al22OO33 (corundum) Illustrate (corundum) Illustrate
Typical Typical ‘‘ParadisoParadiso’’ Wigner-Seitz  Wigner-Seitz Cells (2)Cells (2)

• Voronoi polyhedron surrounding central Oxygen (red) in corundum unit cell.
• Vertices are blue, Aluminum (green) and Oxygen (red) nearest neighbors are shown.
Note tripling of vertices due to trigonal distortion and degenerate  vertices
equidistant to multiple atoms (right).
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““The Subject is Vast, but my Time is BriefThe Subject is Vast, but my Time is Brief…”…” (Erich (Erich
von von Stroheim Stroheim in in ‘‘Five Graves to CairoFive Graves to Cairo’’))

• In this brief talk, I’ve neglected two very important methods:
• ACTEX (Activity Expansion) - F. Rogers
• Thermal Field Theory (L. S. Brown et. al.)

• The ACTEX method goes after the Grand Partition Function, dealing with
the Coulomb divergence of the Partition Function via the ‘Planck-Larkin’
method and via resummation accounts for composite particles on an equal
footing.  Z ~ ∑ 2n2 exp (Ryd/n2kT) → (exp (-βE)-1+ βE)+ (1- βE)
• In Thermal Field Theory, one writes (and use dimensional regularization):
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Some High Energy Density and Warm Dense MatterSome High Energy Density and Warm Dense Matter
Physics ReferencesPhysics References

“Physics of Shock Waves & High Temperature Hydrodynamic Phenomena” by Ya.
B. Zeldovich & Yu. P. Raizer, (edited by W. D. Hayes & R. F. Probstein) Academic
Press, NY (1966).
• R. Jeanloz,  Physics Today 53, 44 (2000)
• M. D. Rosen, Phys. Plasmas 6, 1690 (1999), Phys. Plasmas 3, 1803 (1996)
• E. M. Campbell, N. C. Holmes, S. B. Libby, B. A. Remington, E. Teller, "The
Evolution of High Energy Density Physics: from Nuclear Testing to the
Superlasers," Lasers and Particle Beams, (1997), 15, No. 4, 607.
• D. A. Liberman, PRB 20, 4981, (1979)
• B. Wilson, V. Sonnad, P. Sterne, and W. Isaacs, JQSRT 99, 658-679, (2006).
• See  the many KKR, O(N) methods, and other PARADISO relevant references
above (KKR, Stocks et. al., Andersen, Yang, Zeller, Johnson, …,et. al)
• L. S. Brown, L. Yaffe, Phys. Rep. 340, 1-164, (2000) and subsequent refs.
• F.  Rogers, Phys. Rev., Phys. Plasmas, 7, 51, (2000) and refs therein.
• and of course, R. M. More, (many references from his lectures), M. Desjarlais, M.
Murillo (references in their lectures),…
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Challenges and Virtues of KKR GreenChallenges and Virtues of KKR Green’’s Functions Function
MethodMethod

• No ad hoc continuum lowering models
• Non muffin tin (“Full Potential”)

extensions can be pursued

• Extensions beyond the independent
electron approximation
(e.g. DynamicalMeanFieldTheory)

 can be pursued


